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. Introduction

this report the letters O:%,(L@;, 0: Ujlz 7/, etc. denote

llections of subsets of a given space. The collection of finite
tersections of sets taken from (Ais denoted by CX} the family of ar-
trary unions of sets from QL is denoted by Ctﬁ

define the operator y on the collections of subsets of a set by
2 = QMY
say that a set A is generated by Qlin case Acy(().,

t {X,J} be a topological space. As is well known, a subbase g>for
e topology (¥ is a collection of subsets of X for which y(RK) =
is report treats subbases which are minimal in the sense that no

oper subcollection of 8>generates the topology (0~

subminispace is a topological space which has a minimal subbase,

e ordinary subbases in general topology are seldom minimal in the
nse defined above. However, it can be shown that each metric space

a subminispace.

e class of subminispaces is closed under the taking of disjoint
pological unions and topological products. Any arbitrary topological
ace X can be embedded as a clopen subset of a subminispace Y so that
X is discrete. It 1s also possible to embed X as an open dense subset
a subminispace Y. These elementary properties on subminimality will
proved in §2,

also construct some examples of topological spaces that are not
bminispaces, one of which is a completely regular space ]Eee §h]r
nally, it can be shown that any topological space can be embedded

nsely or clopen in a space that is not a subminispace ]}ee §5]@

e can define analogously the class of minispaces:
collectionBof subsets of X is called a minimal base for the topology

. v . . .
if 0= and if no proper subcollectilon /I/c@ is a base for (J A

pological space is called a minispace if it possesses a minimal base.

e class of minispace does not prove to be very important however,

ch T1—minispace is a discrete space and in the case of To—spaces, the

pology is completely determined by a partial ordering on X and a subset




of "central points". It is true however, that each T -space
ely embedded in a To—minispace ‘}ee §3]a

ough the definitions of minimal base and minimal subbase see
onnected, the resulting classes of spaces are completely ind

proof of this independence of the two classes will be given

proof of the theorem that each metric space is a subminispac

ar in a separate report. See ]]].




Elementary properties of minimal subbases-.and subminispaces.

°

finition 1: A subbase S is called a minimal subbase iff there exists

proper subset-2' of % with y(%') = v(%).

finition 2: A topological space {X, O! is called a subminispace iff

ere exists a minimal subbase & for the topology OF

oposition 1: The following are equivalent:
8 is a minimal subbase.

for each Uég, Y(‘S\{U}) # Y(S)a

for each Ue$, U € y(B\{U}).

oof: 1) » 2) is trivial.

le following well known properties of y are used in that which follows:

for each QB AcH= vy @ cy@)
for each C_ Acy@)
. for each O YQ(O) = v(Q),

+ 3). Let UES, and suppose that Uey(&\ {u).
len UE y(%\{U}) and %\ {U}Cv(Z\{U}) by b) and so Zcy(&\{u}).
~a) and ¢), Y(S)CY2(S\{U}) = Y(s\{U})Cy(g) and hence y(8) =
8\ {U}), which contradicts 2).

I > 1). Let 5' be a proper subcollection of 8.

len there exists a set U€3\Z which implies that U & y(B \{U}). By

) ey (R) and by a) y(¥)Cy(%\{U}). From this it follows that y(R')
y(%).

le characterization 3) of minimality of a subbase means that a subbase
s minimal iff no element of it can be generated by the others. This
lustrates some kind of "Boolean independence'" of the elements of a

.nimal subbase.

: have the following corollary:
yrollary 1: If 3 is a minimal subbase, then @ ¢ .

roof': ¢ey(3\{¢})q




rk: If we accept the convention that 'uQQﬁ Uoc = X, then in the same
one can prove that X ¢%ir L is minimal. In this case, a space is

screte iff it has an empty subbase for the topology-.
osition 2: Each finite space X is a subminispace.

f: If X is finite, then any subbase S for its topology is finite.
efore there exists a subcollection X' C_‘._/S which is a subbase of X

e no @moper subcollection of £ is a subbase.

rk: In the proof of prop. 2 , the finiteness of 8’ 1s essential.
subbase for the real line consisting of open halflines (-«, a)

b, ») contains a proper subcollection that is a subbase for the

. line. Hence it is not generally true that any subbase for a
inispace (the real line is a metric space and therefore a submini-

e) contains a subcollection that is a minimal subbase.

osition 3: If «{XQ,O’Q} is a collection of subminispaces, then

oe 1l

topological product 0LHSI Xa 1s a subminispace,
f£: If ocHeI XOL = (@, then the proposition is trivial. Hence we suppose
OLHCI Xoc 7 0.

each oI, let gon be a minimal subbase for the space XOLF
% be the collection {nj(UaHUusga, weIl}.

how that O is a minimal subbase for the product topology-

ose that @' is a subcollection of 8 which is still a subbase for
product topology on X, Then the collection 8(; = {OCXalna_T(O)G%'}
. subcollection of ga which is still a subbase for Xa' Indeed, if U
n arbitrary open subset of Xoe then ﬂ;1(U) is a union of members

N, Because the o'th projection of a member of (S&)/\ is @, X or a

er of (5&)/\ it follows that U is always a member of Y(g&).
collection QOL 1s a minimal subbase for Xoc’ so we have gon = 8a' for

Lo, and consequently% = 8&,, The proposition now follows.

| propositions 2 and 3, we have the following corollary:




rollary 2: Any Cantor space (product of topological doublets) is a

bminispace.

oposition L: If {X , O} is a collection of subminispaces, then
a’> To‘ael

e disjoint topological union is a subminispace.

oof: We may suppose that Xaf\XB = @ for a # B.
r each a, let f% be a minimal subbase for the space {Xa’ CE}, Then

I g& 1s a minimal subbase for the disjoint union of {Xu’(ﬁ&}ué.l'

rollary 3: Each discrete space is a subminispace. (It is the topological
ion of finite spaces).
e space of the irrational numbers is a subminispace. As is well-known

is space is homeomorfic with a countable product of countable spaces.

nark: In the example of the space of integers &£, we can construct
r each k > 1 a minimal subbase consisting of sets each containing

points. Take for example SL = {oulou = {u, utl, .c., u+k-1}, ue:Z}.

we take Ou fromugk, we get a topology in which u—1€£{u}' and

kez{u+k-1}—. Hence_ﬁ% is clearly a minimal subbase.

e subbase consisting of the sets Au = {téz|t >_u} and Bu = {tez|t < ul

also an example of a minimal subbase for the space Z.

subbase of this type in a totally ordered space is not necessarily
nimal. For example, it is not possible to construct a minimal subbase
r the real line consisting of open half lines. However we have the

llowing proposition:

oposition 5: The spaces Wa consisting of all ordinals less then a with

e usual topology is a subminispace.

oof: In this case there exists a subbase:g consisting of open sets
the form (0, B) and (B, a) which is minimal.

KeS=S1U52, where

{(o, B)IO < B <o, Bis not a limit ordinall

= {(8, a)[o<B+1<al




s well-known that the collection 3’1'u82 where 81' = {(0, B)|o <
is a subbase for the space woc'
is a limit ordinal and y < a, then

y) =U{(0, B)|B < v, B no limit ordinall.
e§1'c Y(S

ninimality of 8 follows from the following two relations:

1) and so Ris a subbase.

It (o, 8)6.81, then there is a B' with B = B' + 1,
In the topology Y(S\{(O, B)}), there does not exist an open set
that comtains 8' and not 8: (0, 8) € v(5\{(0, 8)}).

If (B, u)egg, then there does not exist in the topology
y(%\{(s, a)}) an open set that contains B + 1 and not B:
(8, ) @ vB\{(8, a)}).

following proposition illustrates the fact that subminimality is

a hereditary property.

osition 6a: Any topological space X can be embedded as a clopen
pace of a subminispace Y such that each point of Y \X is an isolat

t,

osit.ion ‘6b: Any topological space X can be embedded as an open den

pace of a subminispace Y.

f: Let S be an arbitrary open subbase for the topological space
ich does not contain the empty set. Then we take for Y the set
XU(Lx {0, 1}).

efine the collections 81 s 32 and 33 by :
{uul(u, 0)}|ue8j

fuu{(u, 1}jve%]
11(u,0), (U, 1)}|ueS]

L

each Se€f we have S = (SU{(8, 0)})N(sU{(s, 1)}).
€%1u82u§3, then either VMX = @ or VﬂXEg.

): We consider the topological space [y, y(_g)*)}, where < = 5,V 52

or each V& &~ VNX = @ or vNXeR the relative topology on X as a




ospace of Y is exactly the topology generated by féand therefore X
topologically embedded in Y. From the fact that X = U{U|U€%] and
> fact that each U€5 is open in Y, we have that X is an open subset
Y. As Y \X =U{U|U€83} is open we have also that X is a closed
bset of Y.

e minimality of the subbase 2 follows from the fact that both sets
ntaining the point (S, 0), resp. (S, 1), are needed to generate the

en set {(S, 0)}, resp. {(8, 1)}.

:_El: We consider the topological space {Y, Y(ef*v}, where
=808,

before we see that X i1s embedded as an open subspace of Y. But now
1X€2 for each VEZ 3 since ¢ €2 we have that for each VE 2,

YX # @, The intersection of two different elements ofzsr*!either is empt:
is a subset of X. Hence X .is a dense subspace of Y.

e minimality of the subbase B follows from the fact that each

int of Y \X is contained in exactly one subbase element which together

K
rm the subbase 5 o

rollary 4: If we assume that there exists a topological space that

not a subminispace (such spaces will indeed be constructed in section
we see that the property of subminimality is not inherited by
bitrary subspaces, open subspaces, closed subspaces, clopen subspaces,

dense subspaces.

thout proof we mention the following proposition.

oposition T: Each metric space is a subminispace,

e proof appears in a separate report. See []].




Minimal Bases

nition 1: A base( for a topology is called a minimal base iff there

ts no proper subcollection (hC.(X such that (Y is a base for the

logy generated by(Be

nition 2: A topological space {X,C?} is called a minispace iff

e exists a minimal base for the topology (.

his section we restrict ourselves to T.-spaces.

0

osition 1: If b is a minimal base for a space X, then for each

€0 such that each neighborhood of x,. contains

» there exists a point x 0

0
is the smallest neighborhood of Xqe
f: Suppose, on the contrary, that for each x€ 0, there exists a basic
hborhood U(x)e(® of x which is properly contained in O. Then we

0= (yj U(x) and consequentLy(b\{O} is a base for X which is
x€0
erly contained in®. This contradicts the minimality of Q&

nition 3: An open set O is called a central open set if it is the

lest neighborhood of some point x &0,

To—space, a central open set cannot be the smallest neighborhood

wo different points. Hence we can define:

nition 4: The point x is called the central point of a central

set 0 if O is the smallest neighborhood of x.

int is called a central point if it is the central point of some

ral open set. It is easy to see that in a T, space there is a one to

0
correspondence between central open sets and central points.
t is impossible to generate a central open set by taking the union

ther open sets, we have the following propositions and corollaries:

osition 2: If O is a central open set of a space, then 0ed for

base(® for the topology of the space.

llary 1: Each base @& contains all central open sets of the topology.




llary 2: A base consisting of central open sets is a minimal base.

ining with prop. 1 we have the following characterization:
llary 3: In a minispace there exists exactly one minimal base (B,
llary L: Each finite space is a minispace.

f: In a finite space each point is a central point. The corresponding

ral open sets form a base for the topology.

n Example of a Ty-minispace, we take the following "partially
red topology", which proves to generate the whole class of Ty
spaces.

ple: Let X be an arbitrary set and let < be a partial ordering on
et C be a subset of X such that the following conditions are ful-
ed:

.
acX 3be.cbiat

!a,becvxex |:a_<_x and b < x% 3c€C [c <x, and a <c andb_f_c]:[

/x,yex [(vcec [c <x=c iy]) <> x iY]-

eans that any element of x has an <-predecessor in C.

eans that any element that'is <-preceded by a and b has a
-predecessor in C that is also <-preceded by a and b.

eans that x <-precedes y if and only if all the <-predecessors of

also are <-predecessors of y.

we define a base B for a topology JS by
fo(c)|cec) where O(c) = {x|c < x}.

) and 2)Qbis a base for some topology on X and by 3) this topology
To—topology. It is easy to see that all points c&€C are central
ts and that the O(c) are the corresponding central open sets. Hence

Cy .
J(} 1s a minispace.

we show that any To-minispace has the form described above,
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IX,0 be a T -minispace. Let C be the set of all central points in

0
efine a partial ordering < on X by:

X <y <=)VO€O’ [xe0 = y«'SO:Ic
s easy to verify that < has the properties of a partial ordering.
we have that if O(c) is the central open set corresponding to the

ral point c, then:
c <X <= XQO(c)e
e {0(c)|c<cC} is the minimal base, we have that.
Voeo b ex=c vl =V, o xeol) = yeo(e)] = ...

oo V%eEC}[XGEO => yeaO] => X < Y.

e condition 3) is fulfilled. It is easy to verify 1) and 2) because
e are formulations of the basic properties of a base for a topology.

we see that {X, O} is homeomorphic with the space {X, JS}.

e have proved the following characterization:

osition 4: A space {X, @} is a minispace if and only if it is

omorphic to a space {X, JS}Q

llary 5: Let {X, JS} be a T,-minispace, then {x, JS} is discrete.

f: If {X, JS} is a T -space, then x < y iff x = y. From this it

< 1
ows that C = X (each point of X is central) and 0(x) = {x}. Hence
minimal base consists of all singletons of X. Thus the space is

rete.

osition 5: a) Each open subspace of a minispace is a minispace.

b) Each closed subspace of a minispace is a minispace.

f: a) If {x, JS} is a minispace and O is an open subset of X,

0 = U{o(c) [eeC NO}.
e, the collection {0(c)|c&€CNO} is a base for the relative topology
consisting of central open sets, which implies that O is a

space.
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T {X, JS} is a minispace and G is a closed subset of X, then we

s that for each central point c€C, c€G <= 0(c)MNG # @.

wuse the intersection of a central open set with G is empty or contains
central point corresponding to this set, we: have that the collection
10(c) |ce€cC ﬂG} is a base for the relative topology on G, consisting

sets that are central open in G. Hence, this is a minimal base.

irk: A subspace of a minispace is not always a minispace. We give the

.owing example,

iple: Take for X be the set R of all real numbers. Let < be the
11 ordering on R, and take for C the set @ of rational numbers.,
s clear that the conditions 1), 2) and 3) are fulfilled, hence
Jaﬂ is a minispace. But in the subspace consisting of the irrational

ers, there are no central open sets,

osition 6: a) The disjoint topological union of a collection of
.Spaces 1s a minispace.

’he box-product of a collection of minispaces is a minispace.

f s a) Let@;a be a minimal base for Xoc’ then U (ba is a minimal
y for ) X o€l

’ o€l “a’

JetQ)OL be a minimal base for Xao ThenQ;u = {Oa(ca) |cueCa}, where

.S the collection of central points of Xa°

.5 easy to see that in the box-product topology a point x = (xcx)oce:I

tentral if and only if Xoue‘ Ca for each o€1.
hi tral X
his case the central open set of ( oc)ocE.I

ol O(Xu)o Hence,the collection b= {agl oaloae(ha Vae.I} is a

mal base for the box-product topology.

is exactly the product-

irk: The topological product of minispaces is not always a minispace.

;ive the following:

iple: The Cantorspace is the product of a countable collection of

ylets (which are clearly minispaces) and contains no central open
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osition 7: Each T .-space can be dens

0

£: Let (b be an arbitrary base for th
®B. If each set of »is central ope
e and there is nothing to prove. Hen
sets which are not central open-
ake for each non central open set B&

Cqs for B # B’

i;3= XlJ{cB|B613; B not central open
each 0, O open in X we define:
0 =0 U{cy|Be®, BCO],

we have: 1)

p=0 for ¢ ¢
2) 0,Nn0 =@

0

0

c - -~
1 O2 < O1Cf.O2

= U[B|B&@y BCO} for
the collection {0|0& O} is a base f

) we see that {B|Be(®| is also a bas
nition it follows that c,&0 <= BC

e ¢, is a central point and B is its

B
nispace-
NX = B # @ for any B&X, X is dense
the fact that 0MNX = 0, we see that

1 embedding-

osition 8: a) A minispace X is compa
nite set of central points {01, see
minispace X has a countable base if
ts is countable.

f: Trivial.

rk: A quotient space of a minispace
ave the following:

ple: Let X1 and X2 be two disjoint c

bedded in a To-minispacea

logy Uof the space X such the

space was already a mini-

suppose that (& contains

oint cy & X such that

=>CB€.BC0a

e topology on X .

this topology. From the
BcD,

al open set. Thus X is
edded in the space X .

mbedding is also a topolo-

and only if there exists

uch that X = é) 0(c.).
=Y
nly if the set of central

always a minispace,

of the real line R. Let
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+ the usual ordering on both X, and X. and let Q'1 “and Q2 be the sets

1 2
national numbers of X1 and X,.
Q (x\Q,)
:1 we take the mini-topology J_ 3 on X2 we take the topology J_ .
X be the disjoint topological union of X1 and X2; then X is a mini-

e, The quotient space of X which is formed by identifying the two
.es of a single real number x for each x€R is not a minispace.

topology consists of the open half lines {(a, w)la&]ﬁ’}.
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Examples of spaces without minimal subbases

as been shown in the previous section, it is not hard to find

logical spaces that are not minispaces (each non-discrete T, space

n example). In this section we construct three examples of ;paces
are not subminispaces. For each example the non-existence of a
mal subbase can be derived by "set-theoretical argumentation". The
t two examples are minispaces. The third example is a completely
lar space which consists of a "large" discrete open subset conver-

' to an accumulation point.

nition 1: A directed doublet D is atopological space consisting

{0, 1} with the topology: {@, {1}, {0, 1}}.

wo points |

ple 1:; The box-product of a countable collection of directed doublets

ot a subminispace.

rk: By §3, 4 prop. 6b and cor. 4, this space is a minispace.

f: We denote the box-product by X = kﬁ1 ) and its topology by Oﬁ

k

. point x€X, x = (xk);= e = 0 or 1, is a central point

its central open set O(x) consists of the point y = (yk);=1, with

1 where x

‘xk for each K€WN,

e define: N = {kéyN[xk = 0}, then we have
yeO(x) <« N CN, .

s easy to see that there exists a one to one mapping ¢ from 2N
X defined by:

o(A) = x 1ff NX = A

ave that if er\Ny = Nz’ then 0(x)NO(y) = 0(z).

us suppose that D is a minimal subbase for the space {X,(?}. We
ve a contradiction by the arguments following below.

A

. rel . 2N «
ecause {%15 a subbase, "' 1s a base and therefore > contains the

inimal base G% = {O(x)]x:;X},

f SQ‘S, then there exists a point x &€X such that 0(x) ¢;C§7\{S})A.
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or if we suppose on the contrary that b < (B\{s )/\ then 8\ Si is
0

1lso a subbase. This contradicts the minimality of 80

) & (%\{S})A and k, l€lN, k, 1 € N_ and if we define y and
by: y = ¢(NXU-{k}), resp. z = ¢(qu{l}), then we have that
(x) = o(y)No(z). So it is impossible that simultaneously

e @\ {s})" and 0(y) e (B\{s}

f IN\NX is infinite, where x is some point of X such that 0(x) €
2\{s})/\, then there exists an infinite set {nk};___1 such that for
ach m€N the central open set O(x ), where x = ¢(NXU{n1, ceos nm}),
s not contained in %\{S} . This follows by induction from 3.

£ 0(x) & (B\{s})", then O(x)Cs.

e have that O(x)€&" and 0(x) & (B\{s})"; hence 0(x) = 5,N...N8,
here S = Sj for some j, J = 1, coos Ko

£ 0(x) & (B\{s])N and if A is an infinite subset of N, then there
{nk};=1, BCA, such that for each m,
(xm)CS, where x = ¢(NXU{n1, coes nm}),

or if AﬂNX is infinite, we may take B = ANN_.

xists an infinite subset B =

f AﬂNX is finite, then A\N is infinite and we construct as in k4
n infinite subset B = {n }k 1 of A\NX such that for each m, O(xm)
z ( 8\«’8} , where x = q;(NXUln,I,M., nm}). From 5 it follows that

(x ) is contained in S.

et p = {1};=1€.X0 Then O(p) = {p}. As 0(p)e3”, there exist elements
s sy S e% such that O(p) = 810”.(\8 » By 2 we have that there
xist p01nts Qqs oo+» @ Such that O( %\{S }

et A(B, 1) denote the statement:

B is an infinite subset of N, B = {nj }3;1 such that for each meN,

. 1 1 _ "
e have O(xm)CSl, where x_ = cb(quU{n.l, coss nm}) .

t is clear that for B', B infinite, B'C B the implication:
(B, m) = A(B', m) holds.

low we have by 6:

.) There exists an infinite subset B, of N such that A(B

1 , 1) is

1
true,
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) If A(Bl, 1) is true for some 1 < k, then there exists an infinite

subset B C_Bl such that A(B

+ 1 .
141 1+1) is true.

1+1°?
y induction we conclude that there exists an infinite subset B
f N such that A(Bk’ k) is true. Because of the fact that BkaBl
or 1 < k, we have that A(Bk’ 1) is true for 1 = 1, ..., K.

vons nm}) and let r, = ¢(Nq LJ{n1, PN nm}) for

<nc}§=1 and let m be some natural number m > 1,
? 1

1J
(R

1
1, 000 g m,

) . k
we have O(r)C:O(rl)c:Sl for each 1 = 1, ..., m; hence O(r)(;{:% Sl

L
Je

er # pand re0(r), this gives the desired contradiction.

ple 2: This is a subspace Y of the space X from example 1.
{xéiX|NX is finitel.

= J{o(y) |y €Y}, we see that Y is an open subspace of a minispace
therefore by prop- 5a, §3, Y also is a minispace. The minimal

is a countable base.

fact that Y is not a subminispace can be proved by repeating the

ment given in the proof of example 1.

ple 3: Let m be a cardinal, such that m is not the sum of a countable
ection of smaller cardinals, and let A be some set with cardinality
he space X will consist of the set A x A and a single point

A x A, We define a topology O on X by means of the following neigh-

ood bases:

or each point (x, y)EA x A, the set {(x, y)} is open,
subset UC.X is a neighborhood of the point « iff «&U and for each
€A the set {y eArl(x, y) &"_U} has a cardinal number < m.

topological space is not a subminispace.,

f: From this definition and the choice of m, we have that the inter-
ion of a countable collection of neighborhoods of « is again a
hborhood of «. As each closed subset not containing « is clopen,

space is normal and therefore completely regular,
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'he point = has no neighborhood base with cardinal < m. For if
'BX}X€A , )
(€ A a point yxe{y€A|(x, y)eBX}o Now the set U = X\{y'x}xéA is a

leighborhood of « such that B, € U for all x&€A,

is a collection of neighborhoods of =, we choose for each

.t w be the weight of {X, O}, From 1) we conclude that W > m. Let

5be a subbase for the space {X, O}, then we have card (2) > w > m,

'here are m x m = m isolated points in the space {X, (%t. For each

)f these points there is a finite collection of elements from ¢
‘hat generates the singletons consisting of these points. The union
f all these collections is a subcollection 81C.g with card(81) < m,
lence we conclude from 2) that card (5\51) >m > f;loc

juppose that & is a minimal subbase. Because each set not containing
> 1s contained in Y(51), we deduce that each setin 8\51 is a
leighborhood of =,

Jow let Oég\‘g1 and let V be some neighborhood of «, Now we have
'Co = V & y(3\{0}). For if Vvey(3\{0}), we know that 0 = VU(O\V)
:nd therefore Vé‘_y(%\{o}) because of the fact that O\VG_\((S1 ). This

rontradicts the fact that S is a minimal subbase.

low Ze take a countable collection {Ok}:ﬂ from 8\%1

.8 kQW Ok is a neighborhood of =, we knowmthat there exists a finite
ntersection STO cac,ﬁSk = U with € UC Q1 0, and S1, cess Skgg.
ty 4) we have that U € y(%\{ok}) for k = 1, 2

', 8ppears as some Sj for j =1, ¢cses n, This is a contradiction.

s sso o Hence each

rk: In the proof of example 3, the condition that m is not the sum
. countable collection of smaller cardinals is essential for step
It remains an open question whether or not this condition is essen-

. for the space having no minimal subbase. For example the case where

,8"0 remains open.

rk: The space X of example 3 is the quotient space of a space Y which
he disjoint topological union of m copies of the space Z defined
'ollows: Z = A U{w}j where w is a point not contained in Aj; the

logy on Z is generated by a subbase containing all the singletons

ained in A and all the sets U containing w with card(Z \U) < m.
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s clear that the space generated by identifying all the endp
rom the union Y = iéé ZX is homeomorphic with the space X. T
a subminispace. For ,let o be the first ordinal with c
and let Wu be the space of all ordinals < o with its usual t
e take the subspace W& of Wa consisting of a and all the ord
that are no limit-ordinal, then it is easy to see that W& is
omorphic with Z. The subbase constructed in the proof of pro
is also a minimal subbase for the space W&o

ee that a quotientspace of a subminispace is not always a su

€.

ce

yo
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On the independence of the existence of minimal bases and subbases.

josition 1: The properties "minimality" and "subminimality" are

rpendent .

f: We have the following examples:

! minimal base | minimal subbase

Discrete space, finite space + +
Cantor space, non discrete
metric space - +
Example 1, 2 (8§k4) + -
Example 3 (84) - -

osition 2: Each topological space can be embedded in a space that
i not have a minimal subbase,
.s an open dense subspace

s a clopen subspace.

f: a) Let x, O} be the topological space given in Example 1, §k.
{Y,l}} be an arbitrary topological space. We may assume YOX = @,

_—
we define the "directed topological union" XUY. This is a topo-

.cal space consisting of the set X\UY and a topology that is defined

0MX € (9 and YCO
i open in XUY <=

ONX = @ and ONYEV;
luse each open set which has a non-empty intersection with X contains
whole set Y, we conclude that a minimal subbase é%for the space x UY
4 induce a minimal subbase for the space X, namely the subbase =4
iisting of the intersections SNX where se€® and SNX # ¢,

—_
‘efore XUY is not a subminispace.

et {Y, U} be an arbitrary topological space with weight w. Let m
v cardinal number > w such that m is not the sum of a countable

.ection of cardinals < m.
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we construct the space {X,0} constructed in Example 3 (§k4) with
- cardinal number m. Then the disjoint topological union XUY is

a subminispace.

. can be proved by taking some subbase 2 for XUY. As " is a base
e exists a collection W¢%”" which is a base for the topology
"as g clopen subspace of XUY, such that card M) SWin

| there exists a subcollection 82(.‘.8 with card (82) < m and

'(62) . Let f% be choosen so that {{x}|x€X, x # w}c:y(f%) and
.(83) < m Putﬁ1 =_§2L15;, then we conclude as before that card

21) > m. The proof is completed as in section 4.

llary 1: As the "directed sum" of two minispaces is again a mini-
e (as can easily be verified), we have by prop. 7 (§3):
| topological space can be embedded as a dense subset of a minispace

, 1s not a subminispace.

f: First we embed the space in a minispace (prop. T, §3) and secondly

mbed this minispace in a non-subminispace as above.

.rk: As the proof of prop. 2a) also works if we take example 2 (8kL)
itead of example 1 (84), we may choose an embedding in a compact

\ non-compact space as we like.

EEE‘ From examples 2 and 3 (84) we conclude that neither of the
yerties of complete regularity, or the second countability axiom,
sufficient to imply the existence of a minimal subbase. However

| properties together imply metrizability and therefore subminimality.

:luding we have the following invariants:

minimal base | minimal subbase

Topological unions + +
Topological products - +
Box~products + -
Open subsets + -
Closed subsets + -

Dense subsets - -

Quotient spaces - -










